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*
* impulse propagation in a branching nerve system: a simple model

Pauwelussen

ACT

Local spatial changes of nerve axon geometry such as diameter increase
>ranching, may cause that action potential waves approaching a region
rometric change fail to propagate beyond it.

In this paper, this effect will be examined for a special kind of
1iformity, within the framework of a simple model: an initial value

.em for a single nonlinear diffusion equation on an unbounded domain.

WORDS & PHRASES: nerve pulse propagation, nonlinear diffusion equation,

equilibrium solutions, comparison principle, stability
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1. INTRODUCTION
In this paper we shall investigate the initial value problem
1 .

(1.1) [u, = e (x)u_ + £(u) . x ¢ R\{0}, t>0

t

(1.1)2 (I)qu(x,0) = x(x) , X € C(R) , 0<x<1

l(u and u continuous at x = 0

where
1 : x <0
(1.2) ee(x) =
e € (0,17 ;x>0
and
(1.3) f(u) = u(l-u) (u-a) , 0<ac<k,

Our motivation for studying (1.1) originates from the problem of
propagation of electric excitation along the cylindrical branches of a
tree shaped unmyelinated nerve axon. Assume the branching system to be of in-
finite extension where the variable x measures the distance along the
conductor. If we restrict ourselves to the situation of only one branching
point at x = 0, one branch of radius 1 for x < 0 and k branches of radius r
at the part x > 0 (fig 1.1), this situation can be described by a reaction

diffusion system of the form [6],[111,

o]
I

r(x)u + F(u,w)
XX
(1.4)
G(u,w) , x € R\{0}, t >0

g
I

where t denotes time, (u,w) takes on values in IR X I{n for some n > 0 and

r(x) is the diameter of a branch of the nerve at place x, i.e. r(x) = 1



r x < 0 and r(x) = r for x > 0, In (1.4), u represents

: d |
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fig. 1.1.

le transmembrane potential minus the rest potential while the auxiliary
riable w = (wl,...,wn)T describes the transport of certain ions (K+,
.+,Cl_) through the membrane which covers the neuron. At x = 0, the
ansmembrane potential u is continuous as well as the internal current
ich is proportional to the gradient of this potential times the surface

ea. Hence, at the branching point x = 0, u satisfies"

.5) u (0-,t) = kr2u (0+,t).
X X

remove this discontinuity in u we replace x for x > 0 by > . Then,
r“k

terms of this rescaled variable, the system (1.4) transforms into

o
I

ee(x)uxx + F(u,w),

w, = G(u,w), x ¢ R\{0}, t>0

th ee(x) given by (1.2) where € = J:_Bk'-2

In the special situation that € = 1 and thus ec(x) =1, the relevant




les of (1.6) [1],[6],[8] all have the property that they allow travellin
solutions, i.e. non-constant solutions which are functions of the

e argument z = x - ct for some constant c¢. For € # 1, it was shown
ically by RINZEL [14] for an example in which n = 1, and by GOLDSTEIN
ALL [6] who treated an example in which n = 2, that action potential
approaching the region of geometric change from the left continue
opagate beyond this region if the increase of radius or the amount of
hing is sufficiently small. However, if r or k is large then action
tial waves may fail to propagate beyond the branching point. In a

guent paper [11] we shall demonstrate this qualitative behaviour of
ions of the system (1.6) under conditions on F and G, covering under
conditions, the examples in [14] and [6].

In the present paper we shall, as a first step, analyse the simplified
on (1.1) of (1.6) which is a degenerate case of the system treated

4],

Problem I is also of interest in its own right as it arises in

ation genetics [10]. In fact a solution u of Problem I can be interpre-
3 the frequency of alleles of one type, A say, amongst the total number
leles in a population of individuals of possible genotypes AA, Aa and
iving in a one-dimensional habitat where the heterozygote is

jominate, and with different migration rates on either side of the

x = 0,

Let us first consider the case of a uniform axon, i.e. € = 1. Then,

lling wave solutions will be understood as solutions u(x,t) = w(z),
1

- ct, of (1.1)  for some ¢ € R such that w(-®) = 1 and w(+®) = 0,

consequence, w satisfies the equation
w" + cw' + £(w) = 0, z € R.
that any translate of w also satisfies (1.7). It can be proved that

strictly decreasing and that the wave speed c¢ is unique and positive,

3] and [7] (fig. 1.2).
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fig. 1.2.

wiously, if we take for the initial function X(x) = w(x) then u(x,t) =

x-ct). This is a particular case of the conditions

.8) lim inf x(x) > a,

X > —o
.9) lim sup x(x) < a
X > 4o

ven by FIFE & McLEOD [3], who showed that under these conditions the

lution u(x,t) of (1.1) for e = 1, converges to w(x—ct+xo) exponentially,

r some x0 >0 as t » o,

If € <1 but 1 - ¢ small then one might expect that the solution of

dblem I, where X still satisfies (1.8) and (1.9), behaves as a wave,

avelling from the region where ee(x) = 1 towards the region where
*

(x) = €. Note that w (z) = w(z/e) satisfies the equation

,10) ew" + c*w' + £(w) = 0, z e R,

scre ¢ = ¢/e, We shall find that if X satisfies (1.8) and (1.9), there
.sts an 8*6(0,1) such that for e € (e*,1], the solution u(x,t) of (1.1)
wverges to w*(x—c*t+x0) exponentially for some Xq € R, as t =+ o,

If € € (0,1) but € small then it turns out that stationary solutions

1]

D o (i.e. qp 0) of (1.1)1 exist which satisfy the boundary conditions

@) =1 and g(+») = 0, These solutions are strictly decreasing, see
'E & PELETIER [5], In fact, for € < &* there exist exactly two such
*
utions g_(x) and q+(x) where q_ < q, - where for € > ¢, such solutions do

. exist., A sketch of the corresponding bifurcation diagram is given in
. 1.3,




A q(0)
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fig. 1.3. g(0) vs. €.

functions gq_(x) and q+(x) will act as a blockade for solutions of (1.1)
>t, we shall find among other things that u(x,t) converges to q_(x)

,8) 1is satisfied and if x(x) < q+(x). This last condition surely

»'s (1.9) whence we find. that the value of e€* is critical.

’he plan of the paper is as follows. In Section 2 we shall show the
:nce of the number €*, In Section 3 we shall formulate a result about
ance and uniqueness of a solution u(x,t) of Problem I. Section 4 will
voted to a comparison principle which we shall use in Section 5 to

} some preliminary stability properties of the functions g_(x) and

. We shall find that g_(x) is stable and q+(x) is unstable. Thus the

: branch in the bifurcation diagram fig. 1.3 is the stable one while
)per branch is the unstable one, Moreover we shall show the convergence
cowards the travelling wave w* if € > e*, and if € < e* under the

zion that x(x) is large enough.

it the expense of a much more complicated analysis these results will
yroved in Section 6. Finally, in Section 7 we give some numerical

Se




JARK, The results in this paper also apply to the case of the more
: Cl(IU , satisfying

£(0) = £(a) = £(1) = 0, 0<ac<1i,
f(u) <0 for 0 <u<a, f(u) >0 for a <u <1

£'(0) # 0 # £'(1),

1
J f(u)du > 0,
0

STATIONARY SOLUTIONS
Stationary solutions q = q(x) of (1.1)1 satisfy the equation
1) 0 = ee(x)q“ + £(q) X € R,
rether with the regularity condition
2) q and q, continuous at x = 0,

shall mostly be concerned with solutions of (2.1) which satisfy tl

ndary conditions
3) g(-») =1, g(+=) =0

. we shall write shortly Problem II for (2.1)-(2.3). Let us first «
lation (2.1) in case es(x) = constant, ee(x) = £ say. Introducing
mally the function P(q) = qx(q) in this case we find P(q) to sati

: equation

4) P.P +

£
q €

= 0,

trajectories for (2,1), given by (q,P(q)) where P satisfies (2,4)

1
wn in figure 2.1, (We have used the fact that J f(u)du > 0),
0
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fig. 2.1.

oints (gq,P) = (0,0) and (q,P) = (1,0) are saddle points., The stable
olds will be denoted as "stable € - manifolds". Similarly we may

duce "unstable e-manifolds"., We shall mostly be concerned with the
<0, 0<g=<1. In this region there is only one stable manifold
to (0,0) and one unstable manifold coming from the point (1,0).
fore, if no confusion ié possible, the stable e-manifold refers to

1@ going to (0,0) in the lower half plane and the unstable e-manifold

>s the manifold coming from (1,0), pointing into the lower half-plane.

Integration of (2.4) over [O,qoj with respect to g yields

9o
2 1 2
P () = - < f f(q)dg + %P (0).
€

0
Jer the case P(0) = 0. From (2.5) we see that the value of P(qo) <0
2 stable e-manifold is equal to some constant, only depending on qg

1/V/e. By integration of (2.4) over [qo,l] we can show the same prop-

for the value of P(qo) < 0 on the unstable e-manifold. Using this

t we shall prove the following Lemma.




MMA 2.1, Let

,6) e =

2n

» If e > e* there exists no solution of Problem IT.

L) If e = e* there exists a unique solution of Problem IT.

ti) If 0 < g < s* there exist exactly two solutions q_ and a, of Problem
which are decreasing and strictly separated and for which the

inequalities q_(0) < a < q+(0) hold.

JOF. Since on the stable e-manifold the value of -P(q) grows with
" as € , this manifold will intersect the unstable 1-manifold for
ficiently small e. Observe that by the fact that the unstable 1-manifol
s strictly below the g-axis for q < 1, if this manifold intersects the
ible e-manifold nontangentially, it must do so at least twice.

Now supposé that such intersections occur at g = a_ and g = a,r a_ <.
:egration over both manifolds of P(q).P'(q) on (a_,a+) yields

a a

+ ‘ +
2[ féﬂl dg = P2(a_) - P2(a+) = ZJ f(q)dqg, e <1,
a a

.5 is only possible if

a
+

J f(g)dg = 0,
a

ce a_ < a, and there are at most two points of intersection of the
ble e-manifold and the unstable l1-manifold. The first time these mani-

ds intersect they must do so at q = a where by (2.5) the value of P(a)
given by

P(a) = —(-% £(q)dq) i

O




ration over the unstable l1-manifold on (a.l) yields

1

5
P(a) = -(2[f(qg)dq)
a
*

us € = € ,
A solution g(x) of Problem II corresponds with the stable e-manifold
> 0 and with the unstable l-manifold for x < 0 where these manifolds
natch, by (2.2), at some point. As a consequence, (i) and (ii) hold
o € < e* there exist two solutions q_ and a, of (2.1)-(2.3) with
=a_ < a, = q+(0).
Since a, and q_ both correspond to the stable e-manifold for 0 < g < a_
exists a number x. > 0 such that q+(x+x0) = g_(x) for x > 0. Thus we

0
that q_(x) < q+(x) if x 2 0 and similarly that g_(x) < q+(x) if

*
Jote that for € = € , g_(x) and q+(x) coincide where g (0) = q+(0) = a,

inctions gq_(x) and q+(x) are sketched in figure 2.2 below.

fig. 2.2.

le remark that g_(x) and q+(x) are not the only bounded solutions of
and (2.2). For example, the unstable l-manifold also intersects at
=a, € (a_,a+) a closed trajectory in the e-phase plane, enclosing
>int (a,0) . Hence the corresponding solution g(x) of (2.1) and (2.2)

qg(0) = ags is strictly decreasing for x < 0, it approaches the value




for x > -» and it is periodic for x > 0 with a period depending on the
lution at hand.

By similar reasoning we can also find stationary solutions which
proach 0 for x - -~ and which are periodic for x > 0 as well as solutions
ich are periodic for both x < 0 and for x > 0 but with different periods.

ese last two types of solution exist for ail e e (0,1).

MARK,. Since at g = a_, the stable e-manifold and the unstable l-manifold
tersect we have, using (2.5) and the corresponding expression for P on

e unstable l-manifold, that

f(gq)dg = €| f(qg)dq.

O ——

O

fferentiation with respect to a_yields

de _ (e-1)f(a.)
da_ 1 °
If(q)dq
a_
de ' . ) *
follows that @ - 0 for a_ = O(i.e. € = 0) and for a =a (i.e. e =¢),
1 this was used in the bifurcation diagram figure 1.3. Similarly it can
proved that S5 = 0 if e = e* and 9& < 0 if ¢ = O,
day da,

EXISTENCE AND UNIQUENESS FOR PROBLEM I

In [11] we have treated in full detail the existence-uniqueness problem
" a general system of equations of which (1.1)1 is a particular case.
arefofe, in this section we shall only give the result and we refer to
.] for further details.

According to [11], a function u:R x [0,T) > R is a solution of

blem I on [0,T) if and only if
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£ € c(mr\{0}x(0,T) > R) ,
u, € C(Rx(0,T) » R) ,

(i) u , u
XX
ue BC(Rx [0,T) - R),

(ii) u satisfies (1.1) on I{\{O}X(Q,T).

iM 3,1. Let T > O. Then Problem I has a unique solution u(x,t). More-

for arbitrary § € (0,T) and any x-interval J, not including an open

bourhood of x = 0 we have for any o € (0,1)

o
c C2+0L,1+ /2 (I%(8,T))

2+ +0/2 .
C o, 140/ (Jx(8,T)) means the space of functions u = u(x,t), x € J,
v, T) where uxx and ut are Holder-continuous with respect to x and t,

'tively, and the corresponding HOlder coefficients are o and o/2.
_OMPARISON PRINCIPLE

S5ince the diffusion coefficient ee(x) in (1.1) is not continuous and
Eore uXX and ut need not be bounded or continuous at x = 0, the

ts of [12] do not apply(directly to the present situation. Still a
rison principle can be derived. ‘

"irst we shall prove a maximum principle for functions which are

1 for x # 0 and t > 0. However in practical applications it often occurs
comparison functions are used which are not smooth along certain

5 in the (x,t)-plane. In order to deal with these kind of functions
Juire an extended maximum principle which we shall use to prove a
rison principle in sufficient generality to cover all the applications
rihg in this paper.,

o begin with we give a definition,

[TION, Let E be a region in the (x,t)-plane with boundary JE. Let
)) be a point on 9E..Then we say that E satisfies the interior circle

Fion at (xo,to) if at (xo,to) a circle tangent to 9E can be constructed

chat the radial direction from the center of the circle is not parallel

2 t-axis and the set of points (x,t) inside or on this circle, with




S tO ié nonempty and lies entirely in E.

IOREM 4,1, Let for T > 0
1) ¢ e BC (R x (0,T] > R) n C2’1(JR\{O} x (0,T] - R)

xre ¢ satisfies the inequality

2) Lo = ¢t - ee(x)¢xx - cp, +hix,t)¢ <0, xe R\{0}, t e (0,T)

2re ¢ is a constant, eg(x) is given by (1.2) and h(x,t) is nonnegative

anded. Suppose ¢X(Oi,t) exist and
> -

3) ¢X(0+,t) 2 ¢x(0 L) .

‘eover suppose that

4) ¢$(x,0) < 0, Xx e R,

n ¢(x,t) <0 for x ¢ R, t € (0,T] and if ¢(x,0) < O on some open subset
R then ¢(x,t) < O for all xe€ R, t € (0,T].

OF. Introduce the regions Vi = {(x,t)li x >0, 0 <t <T}, The proof of

s theorem is based on a maximum principle of KRYZANSKI [9] on parabolic
rators in an (n+1)-dimensional, unbounded domain in R ™ x 12+. In our
ormulation of this result we shall restrict ourselves to the one-dimension-
parabolic operator (n=1).

We consider the general parabolic inequality

5) Lu = u, -au - bux + Hu <0
an unbounded domain D in the (x,t)-plane of which the boundary consists
the straight lines t = 0 and t = T and possibly a curve S which is

here perpendicular to the t-axis. The functions a, b and H are assumed to
bounded on D where a(x,t) is positive and bounded away from zero and

yt) 2 0. Denote by I' the union of S and the part of 3D where t = O,
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. 2
Let u satisfy (4.5) where u € C '1(D - R) nC(ODuT -+ R). Moreover
suppose that there exist positive numbers KO, K1 such that

(4.6) |u(x,t)| < K, exp [K1x2], (x,t) e DuT.
Then if for some nonnegative M, u(x,t) < M on T it follows that u(x,t) < M
on D.

This is KRYZANSKI'S result and specifying it to D = V' or D = V_ this
yields that ¢(x,t) can only attain a nonnegative maximum on vF U V- (the
closure of V+ U V) at a point (O,to) for some 0 < t, < T or at a point

0

(xO,O) for some x, € R. If we suppose that this maximum is positive,

0
the second possibility is excluded by (4.4).

Let us assume that ¢ attains a positive maximum M at a point (O,to)
for some 0 < tO < T, If ¢ attains this maximum also at some point (Xl’tl) of
v" or v then it is proved in Theorem 2 in [12; p.168] that ¢ = M on each
segment of a line t = t, ¢ [O,t1] which lies in V' or V_ and contains
the point (Xl’tZ) (The Interior Point Theorem), Thus ¢(x,0) > 0 for some

¥ # 0 which contradicts (4.4). We conclude that
+ —
(4.7) d(x,t) < M, (x,£) e V. uv,

Observe that for all tO e (0,T], V+ as well as V satisfies the
interior circle conditon at (O,to). We shall now proceed as in the proof
>f Theorem 3 in [12; p. 170]. We construct a disk K of radius R, tangent
o the t-axis at the point (O,to). We denote the coordinates of the
enter of the circle 3K (the boundary of K) by (XO’tO) which we shall assume

+
o lie inside V (see fig. 4.1).

Y

fig. 4.1.




also construct a disk K1 with center at (O,to) and radius < R. Let
be the portion of the boundary 8K1 contained in K and let C'' be the
an arc of 9K in Kl' The arcs C' and C'' form the boundary of a lens-
aped region E and we assume R to be so small that E and the x-axis are
s5joint. Denoting by E+ the part of E inside V+ we have by (4.7) that
<M on Eiiexcept at (O,to).

In [12] the circle 3K and therefore E is assumed to lie entirely
side the domain under consideration, V+ in this case. However, the same

oY

juments can be used here yielding that 5;~(O,to) > 0 where 3/3v is any

rivative in a direction pointing out of Et and thus in particular
. <
8) ¢X (0+,t0) 0.

shall refer to this result as the Boundary Point Theorem. In a similar

y for V_ instead of vt we obtain that
.9) by (0-,tg) > O

1 by (4.3) we have a contradiction.

It remains to prove the statement about strict inequalities. If
¥,0) < 0 on some open intervai which, for example has a nonempty inter-
ction with the positive x-axis then, by the InteriorAPoint Theorem,
x,t) < 0 in V+. If ¢(O,t0) = 0 for some 0 < tgp = T then similar to the
ove analysis this yields that ¢X(O+,t0) < 0., However, since ¢(x,t) <0

V+

U V- we must have ¢x(0—,t0) 2 0, By (4.3) we have a contradiction.
nce $(0,t) < 0 and therefore ¢(x,t) < O in points in V™, close to the
axis. Application of the Interior Point Theorem finally yields that

x,t) < 0 in V  as well,

EOREM 4,2, (Extended maximum principle).
Let for T > O

.10) ¢ € BC(Rx(0,T] > R) n C2'1((]R\{0}X(O,T])\D > R)

're D is the union of finitely many , continuous curves in the (x,t) plan
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by x = x,(t) say, for t > 0 and j = 1,2,...,N, such that on both
J . -
of these curves, the region (R \{0}x(0,T1)\D satisfies the interior

e condition. Let ¢ satisfy the inequality
) L¢ <0, xe R\{0}, t e (0,T), x # xj(t), J=1,00e, ,

L. is defined in (4.2).
Suppose ¢ satisfies the conditions (4.3) and (4.4) and the additional
tion that

) 0 bk (B, E) 2 b (x (6=, 1)

the conclusion of Theorem 4.1 holds.

. This proof is similar to the one of the preceeding Theorem if we

» points of D in the same fashion as points (0,t), 0 < t < T.

EM 4.3. (Comparison principle),

Let for T > 0, u and v be two functions such that u-v satisfies the
tions (4.3), (4.4), (4.10) and (4.12) for the curves x = xj(t) as
in Theorem 4.2,

Moreover suppose that u and v satisfy the ineggalitg
) Nu < Nv, x € R\{0}, t € (0,T), x # xj(t)
N is the nonlinear differential operator
) Nu = ut - ee(x)uXx -cu - F(x,t,u)

e_(x) and c as in Theorem 4.1 and for a given function

€
0,0,1 (R x [0,T7] x R). Then

» u(x,t) < v(ix,t), xe R, t e (0,T].

rer if u(x,0) < v(x,0) on some open subset of R then u(x,t) < v(x,t)

I1xe R, te (0,T].




OOF. The proof of this theorem is, in a technical sense, similar to the

oof of Proposition 2.1 in [1]., Define for A > 0 a new function w by
At
.16) w(x,t) = e “(u(x,t) - v(x,t)).

sosing A sufficiently large (cf. [1]) we can find a bounded positive

action Fl(x,t) such that

- - + <
.17) LA ee(x)wXx oW Fl(x,t)w 0.
> function w satisfies therefore all the conditions of the extended

¢imum principle and consequently (4.15) holds.

"INITION 4.1, Consider the general differential operator N, given by

,14) . We shall call a function ¢ a lower solution of the equation
.18) Nu =0

"0 <t <Tif ¢ satisfies the smoothness conditions (4.10) and (4.12) to-
her with (4.3) and N¢ < 0 for x € Iz\{o,xl(t),...,xN(t)}, t € (0,T) with
. curves xj(t) as given in Theorem 4.2.

A function ¢ is called upper solution of (4.18) if it satisfies the

e conditions with all the inequality signs reversed.
ATION. We shall write u(x,t;X) for the solution of (1.1).

By the above comparison principle we can prove an a priori estimate for

atix).

OREM 4.4,

19) 0 <u(x,t;x) <1, xe R, t >0,

OF. The function ¢(x,t) = 0 and Yy(x,t) = 1 are lower and upper solution
equation (1.1), respectively. Moreover 0 < u(x,0;x) = x(x) <1, by

amption, and consequently application of Theorem 4.3 yields (4.19).
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The stationary solutions q+(x) and q_(x) introduced in Section 2, are
" as well as lower solution for equation (1.1). Hence, application of

em 4.3 yields a first "blocking result”.

*
EM 4.5. Let 0 < € < € and assume

o
IA

x(x) < q, (x) (x(x) < q_(x)).

0 < ulx,tix) < g (x) (ulx,t;x) < q_(x))
1l xe R, t >0,
ABILITY AND PROPAGATION, A FIRST IMPRESSION.

In this Section we shall for € € (O,E*], give some first results on
itability and instability of the stationary solutions g_(x) and q+(x),
wctively. In particular we shall estimate the region of attraction of

, and examine the behaviour of the solution of Problem I, starting
above q_(x). If € € (e*,1) we shall give meaning to the statement that
iolution u of Problem I travels away from the point x = 0, and give
tions on x that u does so.

In the derivation of our results we shall make use of results of

'ON & WEINBERGER [1], [2] and VELING [16].

To begin with we introduce a few upper and lower solutions.

der for A 2 0 and € < e* the function
qA(x) = q+(x+A),

ranslation of q, to the left over a distance A. Let the number AO >0
ich that

g, (0) = a.
Ao




nce qO(O) =a, >a, q,(0) =0 < a and qA(x) is strictly decreasing with
spect to A (gi(x) < 0 for all x € R:) the number Ag is well defined. We

all restrict ourselves to A < Ag. Then qA(X) > a for x £ 0 and therefore

f(qA)
.3) qA(X) = -'ézazgx) < 0.
nce
.4) es(x)qX(x) + f(qx) = [eE(x) - eE(x+k)]qK(x) < 0,

us qx(x) is an upper solution of (1.,1) for 0 < A < AO. In the same way as
have shown in Section 2 that q+(x) > q_(x) for all x ¢ R we can show
at qA(x) > g (x) for all x € R, A < XO. Similarly qx(x) is a lower solu-
on of (1.1) for A < O,

Another lower solution can be constructed as follows. The stable 1-
nifold in the (u,ux)—plane intersects the u-axis at some point u = u* €

*
/1) (see figure 2,1). In fact u* is given by the relation fg f(u)du = 0

ich follows from (2.5) for € = 1. Trajectories of the equation

«5) U o + f(u) =0

* .
tersecting the u-axis at a point u, € (u ,1) correspond with solutions

0
x;uo) of (5.5) where for some xo u(xo;uo) = uo, which are symmetric with

spect to the line x = XO’ and which are nonnegative, only on a finite

terval. We define a function Q = Q(x;xo,uo) by

u(x,uo) if u(x,uo) >0
Q(X;XO’uO) N 10 otherwise

shall always choose the point x

> 0.

such that Q(x;x ,uo) vanishes for

0 0
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=1
i
Q(X;xoruo) I ________ uO
________ o2 e
1
|
|
1
|
- : Su=0
x=x0
fig. 5.1.

Jsing these upper and lower solutions we are able to examine the
cotic behaviour of the solutions of (1.1) as t - «, Thereby we make
f the following Lemma which is an extension of a result of ARONSON &

IRGER [11].

S.1. Let

x € C(R »~[0,1]).n C2(Ii\{0,x1,...;xN} > [0,1])
Fy the differential inequality

e (X)X" + £(x) <0, x € R\{0,x,,...,%x}

2al numbers 0 and X, #0,i=1,...,N,
Suppose x'(x*), X"(xt) exist and X'(x+) = x'(x-) £ 0 at x € {O,xl,...,xN
1(x,t;x) is for each x a nonincreasing function of t. Moreover

lim u(x,t;x) = q(x),
to>

rmly in each compact interval, where q(x) is the largest stationary

ion of (1.1) satisfying the inequality q(x) < ¥X(x).

» The proof of this Lemma is given in the same wav as the proof of




oposition 2.2 in [1] using however this time the comparison principle
eorem 4.3 instead of the comparison principle Proposition 2.1 in [1].
ee also Proposition 2.2 in [2]).

Since X(x) is an upper solution for equation (1.1) it follows by

eorem 4.3 that
.8) u(x,h;x) < u(x,0;x) = x(x)

r all h > 0. Now u(x,t;x) is an upper solution of equation (1.1) which

smooth for t > 0, except at x = 0. Application of Theorem 4.3 yields
.9) u(x,t+h;x) < u(x,t;x)., h>0, xe R.

us for each x, the function u(x,t;X) is nonincreasing in t and bounded

low by zero (Theorem 4.4), Therefore

.10) lim u(x,t:x) = T(X)
oo

ists. Now following the proof of Proposition 2.2 in [1] or Proposition

2 in [2] one can show that 32%- (e,t,x) > T(n)(’) for n = 0,1, uniformly on
unded intervals not includigé X = 0, and that T(x) sgtisfies equation (2.1)
d is a stationary solution of (1.1). Since ut(x,t;x) < 0 and u(x,t;yx) is
iformly bounded (cf. Theorem 4.4), there exists an M such that for all

# 0 and t > 0, u. = (ut—f(u))/ee(x) < M. Hence for any pair (x,xo)

th x > Xy we find by integration of U, that

ux(x,t:x) - Tt'(x) < (ux(xo,t:x) - T'(XO)) +

+ (T'(xo) - 1'(x)) + M(x—xo).

this inequality, the continuity of 1' and the uniform convergence of
(e,t;x) towards T' outside x = 0 we can find for any § > 0, numbers
and t& such that for t > ts and ]xl < Pgr ux(x,t:x) - T1'(x) < 6.
nilarly exchanging x and Xq we find that, ux(x,t:x) - 1'(x) 2 -§ for

r1ear the origin and sufficiently large t, As a consequence, the convergence




of u_(+,t;x) to t' for t + ® is uniform on all compact intervals. In
X
particular ux(-;t,x) is bounded on any compact interval and integration

u leads in the same way as above to the uniform convergence of u(s,t;¥x

to T for t > ®» on all compact intervals,
Finally we note that for every stationary solution ¢(x) of (1.1)

where o(x) < g(x) it follows by Theorem 4.3 that T(x) > o(x).

REMARK 5,2, Similarly one can show that if ee(x)x" + £(x) =2 0 for

X € I{\{O,xl,...,xN} where Xy # 0 and X'(x+) - x¥'(x-) 2 0 at x = x, or
u(x,t;x) is nondecreasing in t for each x. Moreover as t - =, u(x,t;x)
to the smallest stationary solution of (1.1), which is greater than or

to x(x). :
The following theorem gives a first asymptotic stability result for

stationary solution g_(x) and, at the same time estimates its region of
attraction..We shall use the functions Q(x;xo,uo) and qA(x), introduced

earlier in this section.

Recall that Q(x;xo,uo) # 0, only on a finite interval in (-«,0), ti
the maximum of Q, ug lies in the interval (u*,1) where u* is defined by

*
u

ff(v)dv =0
0
and A < AO where AO is given by (5.2).

THEOREM 5.1, Let 0 < ¢ < ¢*,

Suppose there exist numbers u, € (u*,l) and X such that
(5.11) Q(x;x4,ug) < min{x(x), q_(x)}

and there exists )\ € (O,AO) such that

r

(5.12) 1 x(x) < q (x) if e < &*

(5.12)°  y(x) < a_(x) if e = g*.

Then




.13) 1lim u(X,t;X) = q_(X),
t->c

iformly on closed intervals.

OOF. As we have seen above, Q(x;xo,uo) is a lower solution and qx(x) for
< e* and A € (0,15), and q_(x) for e = e* are upper solutions of

uation (1.1). Except for the decreasing stationary solutions of (1.1),

1 the nonconstant stationary solutions of (1.1) have periodic parts for
> 0 or for x < 0, where in the last case the maximum over (~-«,0) is less
an u*, Therefore, the only stationary solution of (1.1), lying between
x;xo,uo) and ql(x) for A € (O,AO) and e < e* is g_(x) and (5.13) is now
consequence of Lemma 5.1, If € = e* we take g_(x) instead of qy(x) leadi

the same result,

For € < €*, a sketch of a domain of attraction of q_ is given in fig
2. (In the sense that functions which take values in the shaded region

long to the domain of attraction).

D|— a

+

9y

fig. 5.2.

Solutions of (1.1) where x(x) 2 qk(x) for some A < 0 are attracted by

= 1, This is shown in Theorem 5,2 bélow.

SOREM 5.2. Let 0 < € < e~,

Suppose there exists a number X < 0 such that

.14) X(x) = qk(x), xe R,
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lim u(x,t:x) =1
o0

mly on closed intervals.,

The only stationary solution of (1.1), taking values in [0,1] and

q+(x) is the function u = 1., Relation (5.15) now follows by Lemma

*
f € > € then no decreasing stationary solutions of (1.1) exist.
'er there exist in this case no stationary solutions lying entirely

J(x5x ,uo) for any, u0 € (u*,l), x_. and below u = 1. (cf. Proof Theorem

0 0

'herefore, if x(x) = Q(x;xo,uo) then the solution of (1.,1) must tend

s t > o, by Lemma 5.1. Thus we have proved the following Theorem.

*
M 5.3, Let € < e <1,

*
'uppose there exist numbers u0 € (u,1), xO, such that

Q(x;xo,uo) < x(x).

lim u(x,t;x) = 1,
£

‘mly on closed intervals.

ioth under the assumptions of Theorem 5.2 and those of Theorem 5.3 we
ieen that u(x,t;X) >+ 1 as t » «». What we really expect is that u

11s away" from the point x = 0.

n order to state this precisely, recall that there exists a unique

*
peed ¢ = ¢ for which the equation

Vt=evxx+f(v), xe R, t e R




s a solution of the form v(x,t) = w(x-ct) with w(-®) = 1 and w(+»)
so sign c* = sign Iéf(u)du > 0. Moreover, modulo translation there
eacisely one such solution and we can define a unique representativ

Juiring w(0) = 1/2,

PINITION 5,1. We say that u travels away from x = 0 if u(x,t;x) te

t > o, to w*(x—c*t+K), uniformly for x > x* > 0 for some K > 0, x

To prove that, under certain conditions, u travels away from x
shall use a recent result of VELING [17] which is based on earlie

FIFE & MCLEOD [3].

MA 5,2, Let u(x,t) be a solution of the problem

,19) ut = Euxx + f£(u), x20,t=20
,20) u(o,t) = o(t), 0 < o(t) <1,
u(x,0) = x(x), 0 < yx(x) <1,

xire ®(t) and x(x) satisfy the conditions

.21) @t Holder continuous for t = 0

Xy HOlder continuous for x = 0

.22) ®(0) = x(0)
®t(0) = €Xxx(0) + £(x(0))

23) lim sup x(x) < a
X > ®
24) |1-0(t) | < Me " for some M,y > 0 and all t > O.

;n there exist constants K > 0, w > 0, zO such that

* * -0t ,
25) |u(x,t) - w (x-c t—zo)[ < Ke ; uniformly for x = 0.

Since the conditions (5.21), (5.22) on u(0,t) and u(x,0) in our

in general not satisfied we shall frequently apply Lemma 5.2 for




* >0, t 2 t* > 0. As a result (5.25) holds in that case for

*, uniformly in x 2 x*. However in order to apply Lemma 5.2 we have
ow that u(x*,t;x) tends to 1 exponentially as t > «® for some x* >0,
his does not follow immediately from the last two theorems.

Under different but still satisfactory conditions on X(x) we shall
lish the convergence of u(-,-;%x) to w* in Section 6.

In the present Section we shall indicate, by a simple example how we
use Lemma 5.2 in the treatment of this behaviour of u(x,t;X) once
nds tou =1,

The technique is that we search for a lower solutiqn u(x,t) of (1.1)
is equal to one of the functions wl(x—ct) and we(x—ct), satisfying
quation

) sz: + csz + f(wE) =0, z = x-ct

=1 and E = g, respectively. In this Section we choose E = 1 for
and E = € for z > 0 and we require that wl(—W) =1, w€(+w) = 0.

we are looking for a function u(x,t) = w(z) where w(z) satisfies
+ = 0,
) es(z)wzz cw, + £ (w) 0
Let us first consider equation (5.27) for es(z) = constant, eE(z) =€
5 we have done for the case ¢ = 0 in Section 2. Introducing formally

= wz(w) we find that P(w) satisfies the equation

Lo,
€

25

the points (w,P) = (0,0) and (w,P) = (1,0) are saddle points and only

cable manifold of (0,0) and one unstable manifold of (1,0) lie in the
1P <0, 0 <w< 1, As these manifolds now depend on c we shall refer
am as stable (g€,c)-manifold and unstable (e,c)-manifold or, more
1lly, if we consider different functions £, stable (e,f,c)-manifold

1stable (e,f,c)-manifold.




o

Now suppose e* < € < 1, Then by the continuity of trajectories
E (5.28), and thus also of Pw(w) with respect to ¢ we have that for c
ufficiently small the stable (g,c)-manifold and the unstable (1,c)-
anifold have no points in common and furthermore, there exist unique numbers
:,wc* € (0,1) such that the stable (e,c)-manifold and the unstable (1,c)-
anifold have horizontal slope at w = wc and w = wc*, respectively. Denote
1ese points of horizontal slope by (wc,Pc) and (wc*,Pc*). Since, for ¢ > 0
1fficiently small, PC* < Pc and fw > 0 in an interval including a, W, and

*, it follows by taking PW = 0 in (5.28) that

5.29) a<w <w+%*
c c

le manifolds under consideration are sketched in figure 5.3.

fig. 5.3.

e solution of (5.27) we are looking for and which we shall denote by

z) is now chosen such that it corresponds with the unstable (1,c)-

nifold for z < 0 and w > w:, and with the stable (g,c)-manifold for

>0 and w < wz (the dotted line in fig. 5.3). We mention that since for the
lution P(w) of (5.28) we have P, (w) = wzz/wz’ positive slope of the

ajectories correspond to negative W Thus

.30) w < 0, z < 0,
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K 5.3. It is well known (see for example [3]), that w(z) tends to

oonentially as z =+ -,

¢ 5.4. Along the line x = ct in the (x,t)-plane we have, by definition
chat

) w (x-ct+) =2 w (x-ct-)
— —x

wus we can apply Theorem 4.3, the comparison principle, in case w is a

solution.

Ve are now able to make a first attempt to give sufficient conditions

¢) such that the solution u(x,t;x) of (1.1) travels away from x = 0.

iM 5.4, Let €* < e < 1.

Suppose ¥ (x) satisfies the conditions
x(x) > w(x), x € R

lim sup x(x) < a.
X > ©

1 travels away from x = 0,

. By (5.27) and (5.30) it follows for u(x,t) = y(x—ct) that

ut(x,t) - ea(x)uxx(x,t) - f(u(x,t))
0 y, Xx <0 or x > ct

= [ee(x—ct)-ee(x)]wzz(x—ct) = { (1-e)w,_(x-ct) < 0, 0 < x < ct.

1(x,t) is a lower solution of (1.1) and therefore, using (5.32) it

7s that

+.
u(x,t:x) 2 w(x-ct), xe R, te R ,

*
for t > », w(x-ct) for fixed x (x = x > 0, say) tends to 1 exponentially

x,t:x) £ 1 it follows that u(x*,t:x) tends to 1 exponentially. Appli-




ion of Lemma 5.2 now yields the desired result.

The above theorem is of course not such a strong result but all the
hniques we need in the next Section to prove stronger results on
*
vergence to w are present here., In that sense, this theorem gives a

st impression of the proofs of some of the theorems in Section 6.
STABILITY AND PROPAGATION

In Section 5 we established some results on the qualitative behaviour
the solution u(x,t;x) of (1.1), using simple upper and lower solutions.,
this Section we shall extend these results. To be precise we shall prove

following theorems.,

For the definitions of the function Q(x:xo,uo) and the numbers

uo,u*, occurring in the theorems we refer to the preceding Section.

OREM 6.1, (Extension of Theorem 5.1)

*
Let 0 < € <e .,

pose
1) x(x) < q+(x), x € R

one of the following conditions is satisfied.

2)1 lim inf x(x) > a
X > -
2 .
2) Q(x;xo,uo) < min{yx(x),q_(x)} for some u, € w*, 1, X
n
3) lim u(x,t;x) = q_(x)
o0

formly on closed intervals.

DREM 6.2. (Extension of Theorem 5.2).

*
Let 0 < g < g ,
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se

x(x) > q (%), x € R.

lim u(x,t;x) =1
o0
rmly on intervals (-»,K], K e R.

Moreover if

lim sup x(x) < a
X >

u travels away from x = 0,

EM 6.3. (Extension of Theorem 5.4).
Let €* < e < 1,

Suppose

lim inf x(x) > a.
X > -

lim u(x,t;x) =1
£

wrmly on intervals (-~,K], K € R . Moreover if

lim sup ¥(x) < a
X > ©

u travels away from x = 0,

Note that this theorem does not imply Theorem 5.3. In [3] it was

'd that the solution of (1.1) for € = 1 tends to a travelling wave if
:onditions (6.7) and (6.9) are satisfied. In that sense, this result
ttended by Theorem 6.3.

Finally we prove the exponential stability of g (x) in the supremum




*
IOREM 6.4, Let 0 < g < ¢ .,

:n there exist positive constants §,u,K such that ll)(-q_llo° < § implies

10) la(e,tix)-q_Il_ < ke ME, t > 0,

In the proofs of the above theorems we shall frequently make use of

i1se plane properties of equations of the form
11) Ew + cw_ + g(w) =0, z e R
ZZ z

re E € {e,1}, ¢ 2 0 and g is a third order polynomial having zeroes
w1, o < B <1 where g'(a) < 0, A useful tool in phase plane considerations

the following Lemma, due to ARONSON & WEINBERGER [2, Lemma 4.1].

MA 6.1. For j = 1 and 2 let pj(q) denote a real-valued continuous func-

n defined on [al,a2] which satisfies the differential equation

12 = F_.(q,p.)
) Py 5Pyl

(al,az). If pl(al) > pz(al) and if either

13) Fl(q,pl(q)) > Fz(q,pl(q))

14) F, (d,p, (@) > Fz(q,pz(q)>

(al,az) then pl(q) > pz(q) in [al,azl.

Using this Lemma one can study how the (E,g,c)-manifolds leaving (1,0)
e unstable one) or going to (a,0) (the stable one) in the phase plane of
11), lying below the w-axis, vary with g or with c. The results are stat-

in Lemma 6.2 and Lemma 6.3.
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6.2, Consider two cubics Fi(w), i=1,2 with zeroes oLy Bi, 1,
< ' < 0.
3i 1 where Fi (ai) 0. Suppose

) Fl(W) < Fz(w), a, <w<1,

1
e (0,11,

Then for c¢c € R, the stable (E,Fl,c)—manifbld lies below the stable
,C)-manifold as long as the latter lies below the w-axis in the
)-plane. The unstable (E,Fl,c)-manifbld lies above the unstable

,C)-manifold as long as the former lies below the w-axis.

Introducing formally P(w) = wz(w) where w satisfies the equation

) we find that P(w) satisfies the equation

g (w)
P(w)

) EP + c + = 0,
w

< a, then the first part of this lemma follows by application of

6.1 to equation (6.16) for g(w) = Fj(w), j=1,2, If o, =0, then the
of the stable (E,Fl,c)—manifold at w = al is less than that of the

2 (E,Fz,c)—manifold at w = o, and application of Lemma 6.1 on an inter-

1

1, + € 1] for some sufficiently small positive ¢

1 0’
part of this lemma,

0 again yields the

The other part is proved analogously.

6.3,
Let

Q
A
Q

the stable (E,g,cz)—manifbld lies below the stable (E,g,cl)—manifold
ng as the latter lies below the w-axis. The unstable (E,g,cz)-
old lies above the unstable (E,g,cl)—manifbld as long as it lies

the w-axis.

. Similar to the proof of Lemma 6.2 using the fact that the slopes of
the stable (E,g,c)-manifold at (o,0) and the unstable (E,g,c)-




nifold at (1,0) are monotone functions of c.

OOF OF THEOREM 6,.,1. We consider first the case € ¢ (O,e*).

- in the proof of Theorem 5.1 we shall prove Theorem 6.1 by means of uppe
d lower solutions, satisfying (6.1) and (6.2) instead of ¥, and which
close x(x). Since the case min{x(x),q (x)} 2 Q(x;xo,uo) has already
en treated in Theorem 5.1 we shall only consider the situation that
m inf x(x) > a.

_ae shall construct functions Y(x) Z q+(x), ¢(x) Z 0, satisfying for
me t. >0

0

max{x(x) ,q_(x)} < ¥(x) < q_(x)

.18)
< d(x) < min{u(x,to;x), q_(x)}
b
ee(x)lbxX + £(y) < 0, X € I{\{O,xl,x2}
,19)

v

e _(x)o__ + £(¢) 20, X € ]R\{O,x3,x4}

¢ some x,-x, € R where Y e C(R -~ [0,1]) n c? (R \{o0, Xy 0%, } > [0,1]) and
: c(rR ~» [0,1]) n c? (R \{0, x3,x4} + [0,1]). Moreover ¥'(x*) and " (xt)
ist and ¥'(x+) - ¥'(x~) < 0 for x € {0, Xl’XZ} and ¢'(x+), ¢"(x+) exist

1 ¢'(x+) - ¢'(x~-) =2 0 for x € {0, x3,x }. Then the only stationary soluti

(1.1) between ¢(x) and P (x) is q_(x) and application of Lemma 5.1 yield

,20) lim u(x,t;y¥) = lim u(x,t:¢) = q (x).
oo oo -

1ce u(x,to;x) € (¢(x), Y(x)) we must also have

.21) lim u(x,t;x) = q_(x).

£

istruction Y (x),

Consider for § > 0 the function
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2) g(u) = £(u) + Su(l-u),

2, in order to have g'(0) < O

3) -a+ & =£f'(0) +6 <0,

igin with we shall find for § sufficiently small >tion Y such that
1) e Xy +9g¥) =0,

3) Y(-=) =1, ¥(+o) = 0.

-ly ¢ satisfies (6.19)1.
Denote a+6 as the largest point of intersection 2 stable (e,g9,0)-

0ld and the unstable (1,g,0)-manifold.

‘\‘ a6 / a+ /
+
o N b
\ i 71
[} ] 1
oo —%i fold
\‘ E / '! ‘/ (1,f,0)
\ - l' ,/_ (1:9:0)-mi 1
//////’ : : / -
Rl A P Pt -
,/ \Q L/_/'
- -7 (¢,g,0) -manif
[ (e,f,0)-manifold
Fig. 6.1.
For § small enough there exists a solution q(x) R) of
ea(x)q“ + g(q) =0, x#0
. §
>) q(0) = a

+
g(-=) =1, qg(+=) = 0.




ie values of q+' and q' at q =u and q = u will be denoted by R+(u) and

u), respectively. These functions satisfy the equations (cf. (2.4))

-f/e H "y
R R =
+ +,u { -f H a+ <u=<l1,
y.27) s
-g/e ; 0<uc<a
+
R R = I
u -g ; a, <u<l1.

l1e corresponding manifolds are sketched in fig 6.1 (cf. Lemma 6.2).
We shall first confine ourselves to a treatment of the (g,f,0) and ti

:v9,0) manifolds. On the (g,f,0)-manifold we have

.28 —[gF ]%- 0 <u <
. 28) R+(u) = -Ll-Z (u) ; u a,
\ere

u
3.29) F(u) = J f(t)dr.

0

ntegrate (6.27)). On the (g,g,0)-manifold we find similarly

) _ 2 2.1 1 L S

5.30) R(u) = -[- - {F(u) + 8u (5 - -é-u)}] , 0O<uc<a, .
msider the inverse functions £+(u), E(u) of q+(x), g(x), respectively
w 0 < u < a+6 (see fig. 6.2).

:fine

>.31) o(u) = E+(u) - &(u)

1en

.32) @(a+ ) > 0.




all no

<uf
. Also
ntinui

s asé

fies

s firs

\umber

i +
0 1
a
g, () -
g (u)
fig. 6.2.
§
that @u(u) > 0 for u € (O,a+ 0 for
e u not depending on § € (0,6o ‘ficiently
all show that a, - a+6 =0 (8). > 0, by rea
re exists a number M > 0 such "p € (O,po)

uch that for 0 < § < 60 a solu

"+ g(y) =0, Xx € R,

1, Y(+=) =0

= p < ¥(0) < q,(0)

-p < P(x) ., 0 <
SYx) , x2M

mate a+ - a+6.

.lows from

1
dt + ¢ J f(t)dt =0

a
+




da a+6 follows from
[
a3

.36) f CE£(T) +
0

btracting these tw

a+

.37) (1-¢€)
8

ay

r 61 sufficiently

ay

.38) J f(r)dr

a

mbining (6.37) and
pending on § € (O,

.39) a - a, <

Next we estimat
ing the relation
.40) (1—h)_% >

follows for 0 < u

1
R(u) R+

.41)

< +

1
R+(u)

) ldt + ¢ C£(T)

$
a
+

tions we find

ay
= §[ J T(l-t)dT +
0
we have
-a$] r >0 in
+ G4y

) we find that the
ch that

and § small enough

6u2(l - lu) :
2 3 1
* J
2F (u)
1 1
(E'— 3%1)

-2r) 7




1sing

9 F(u) = -hau’(140(w)), u -+ 0

; obvious that there exist numbers 62, K > 0, such that for 0 < § =

] ® (u) = -— = — 0 <uc=<a
u

U
R+(u) R(u) u +

Finally we show the existence of ua.

ufficiently small §3 we have

[a - a 9]
) @(a+6) < -2 —iE—TétT— < - ilf - 0 <68 <8,
+ 2 +

by (6.43), ¢ (u) > 0, a sufficient condition for #(a) < O is
s

* 5 5
@u(u)du =d(a,) - 2(w) > @(a+ )

CHr———p

herefore also
a+6

) J @u(u)du >

u

-2A8
R+(a+)

es ®(u) < 0. Now choose

) u < a_*_(S exp [2 A

by (6.43) this yields (6.46) and thus @(ﬁ) < 0. In a similar way
reat the (1,£,0)- and (1,g,0)-manifolds (the case x < 0) and as a
t we may extend (6.33), (6.34) to:

) > 0. Then there exist numbers M,N > 0 such that for any p € (0,p
exists a 60 > 0 such that for 0 < § < 60 a solution Y of (6.33)

fies




q+(0) - p = YP(O) < q+(0)
-48) a, (x) = p < Y(x) , =N <x <M,
q+(x) < ¥(x) ’ x £ =N, x > M.

placing y(x) by q+(x) if Y(x) = q+(x), we find that Y (x) satisfies the

sired conditions for some Xy 1Xoy if we take o sufficiently small.

nstruction ¢(x) .

The unstable (1,f,0)-manifold corresponds with the decreasing

lution of

.49) q"(x) + £(q) = 0, x < - L
q(-L) =0, q(-=) =1

2re L €¢ R. Take L > 0. Similar to the proof of Lemma 4.1 in [3] one can

1d functions u(t), &(t), u(t) + 0, E(t) ~» EO > 0, (t»w) such that

.50) v(x,t) = g(x+&(t))-p(t)
cisfies

vt - Vxx - f(v) £ 0, Xx < -L - E&E(t) <0
,51)

v(x,0) < min{yx(x), g-(x)}.

The stable (1,£f,0)-manifold intersects the line q' = 0 for

*
u € (0,1) (see Section 5). The trajectory, intersecting the g-axis

a value q = u, € (u*,l) corresponds with a solution Q(x,x_.,u.) of

0°0

ation (6.49), vanishing at points x = x3 and x = x4 for some Xq < X, < (

', taking at most the value gq = uO at x = xo. Then since £ (t) is bounded

o u(t) - 0, if X, << -L there exists a time t0 such that

52) Qx,xy,uy) < min{v(x,t)), q_(x)}.

Theorem 4.3 we have u(x,to;x) > v(x,to) which yields (6.18)2 for
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= Q(x;xo.uo). »
If € = €* then q+(x) = q_(x). If we choose Y(x) = q_(x) then clearly
is an upper solution. The remaining part of the proof in this case

*
entical to the corresponding part for € < g .

OF THEOREM 6.2.

Consider for § > 0 the function
) g(u) = £(u) - Su(il-u)

§ is so small that
1
) J g(u)du > 0.
0
ar to the proof of Theorem 6.1 one can show that for pO > 0 there exist
rs M, N > 0 such that for any p € (O,po) there exists a 60 > 0 such

for 0 < § < 60 a solution y of

e (xX)y +9g¥) =0

Y(==) = 1, Y(+=) =0

s which satisfies

q+(0) < P(0) < q+(0) + p
) q+(x) < YP(X), = N<x <M

1\

q+(x) P(x), x £ - N, X > M.

Basic for the proof of Theorem 6.1 are the qualitative properties of
1,9,0)- and (e,g,0)-manifolds. These properties remain the same for
l,g,c)- and (e,g,c)-manifolds for c¢ > 0 sufficiently small. Therefore,
J a term cy'(x) to the left hand-side of equation (6.55) does not

E the above statements about ¢ if c is sufficiently small.

o be more precise we have for pO > 0, numbers M, N > 0 such that

Wy p € (O,po) there exists a 60 > 0 such that for 0 < § < 60 and




fficiently small ¢ > 0, a solution ¥ of

.57) eS(X)wxx + cwx +g() =0
P(==) =1, P(+») = 0.

ists which satisfies (6.56).
The function v(x,t) = Y(x-ct) satisfies vXx <
erefore for x ¢ {0,ct} we have

Ve - es(x)vxx - f(v) =

= [ee(x—ct) - ee(x)]vxx+g(¢)-f(¢) < 0.

oose p so small such that P(x) < x(x).

plication of the comparison principle Theorem 4.
.59) P(x-ct) < u(x,t;x), xe R, t=0.

is well known that Y (x-ct) tends to 1 exponenti
X) satisfies (6.6) we have by application of Lem

ay from x = O.

JDOF OF THEOREM 6.3. Introduce for § > 0 the cubi

.60) g(u) = £(u) - §(1-u),
ich has zeroes 1 and

La - %Ya2+46,

.61) o

2

.62) B La + %/a"+46 .

shall assume § to be small such that
1
.63) fg(u)du > 0.

o
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.all consider solutions of the equations
) szz +cw, + glw) =0, E e {e,1}
‘estrict ourselves to those values of ¢ > 0 and § for which the stable
c)-manifold and the unstable (1,g,c)-manifold have no points in

n for o < w < 1. We have now the situation sketched in the phase

picture fig. 6.3.

(1,£,0)-man.

\
(,£,0)-man. 1 * " (1,9,¢) -man
14 14 °
. 0 a w w //
(g,g,c)—man \\ 1 'C icl l > w
o IRV, 1
\\ ; 5 ; '/ .
/,,\ ‘\\ ! /:,/
. \\ ~.L-"
e . !
/ i
/ /

fig. 6.3.

mma 6.1 and 6.2 the stable (eg,g,c)-manifold and the unstable (1,g,c)-
‘old lie between the stable (eg,f,0) manifold and the unstable (1,f,0)-
‘old.

It was demonstrated in Section 5 that for c¢ sufficiently small there

. unique numbers LA wc* € (0,1), satisfying a < w, < wc* such that
stable (g,f,c)-manifold and the unstable (1,f,c)-manifold have

:ontal slope at w = wc and w = wc*, rispectively.

The existence of such numbers W wC satisfying B < LA < wc*, for the
.e (g,g,c)- and the unstable (1,g,c)-manifold respectively can be

1 in the same way. Denote by wg(z) and wl(z) the solutions of (6.64)

i = €, corresponding with the stable (¢,g,c)-manifold and for E = 1,

isponding with the unstable (1,g,c)-manifold, respectively. Then




w > 0, we (o,w)
€,22 c
< *
.68) wl,zz o, W € (wc 1)
w (w=w ) = w (w=w *) = 0.
€,22 c 1,2z c

introduce a new function Uc(t) by

C —
.66) U (0) = W
d
w,(z), z <0,
.67) uC(z) ["1

= lwc(z), z > 0.

2 crucial tool of this proof is the following result.
If conditions (6.7) is satisfied then there exist numbers K,u > 0, zO
ch that

.68) Uc(x—ct—zo) - Ke_ut < u(x,t;x), t>20, x¢ R,

fore we shall prove this we shall first demonstrate how it enables us
show the convergence of u(x,t;x) towards w*(z). It is well known that
(z) tends to 1, exponentially as z + -»., Therefore, applying (6.68)

c any x = x* and since u(x,t;x) < 1 we find that u(x*,t;X) tends to 1
»onentially as t + ®. Suppose (6.9) is satisfied. Then, by Lemma 5.2,

¢,t:X) travels away from x = 0.

of of (6.68). Writing

69) v(z,t) = u(x,t), =z = x-ct
find v(z,t) to satisfy

o) vt = eg(z+ct)vz'z + cvz + £(v)

v(z,0) = x(=z).

shall follow the proof of Lemma 4.1 in [3].
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led functions z(t) and g(t) (gq(t) positive) will be chosen such that

) v(z,t) = max[a, US(z+E(t)) - q(t)]

; a lower solution for equation (6.70).

The proof of this lemma differs from the proof of Lemma 4.1 in [3] in
sense that here we have to deal with the discontinuous coefficient
-ct) .

e

") 1 - 9, € (a, lim inf x(x)).
X > =

z* so that Uc(z+z*) - 9, < x(z) for all z. This is possible for suff-
1tly large z*, because of (6.7).

»duce

[f(u-q) - £(u)1/q, q >0,
) ¢u,q) = { - £'() , a=0.

% is continuous for q 2 0, and for 0 < q < q, we have
-9, < 1-q < 1, so that &(1-q) > 0. Taking q = 0 we get 3(1,0) =

) > 0.

consequence there exists a number u > 0 such that we have o(1,q) = 2u

<qg < 9, and by continuity, there exists a 60 > 0 such that &(u,q) =

1 - 60 f£u £1, 0= g-=< qy- In this range we have, still following

1) f(u-q) - £(u) 2 uq.

i =2z + £(t), then we find that, if v > o,

Nv:= v, - e (z+ct)v - cv_ - f(v)
— -t € -zz -z - . ,
= 0T (@E® - &t - e (z+ct) U (2) - cu® (1) - £(0C(1)-q)
5) = U° (DE(L) - q(t) - [ee(z+ct) - ee(c(t))]Uc"(C) +

+ L@ - £w@Nl + [£wS@)) - £ - q@l, >0
z # -E(t)




We shall first estimate the term [ee(z+ct) - ee(c)]Uc (z) in (6.75).
: EO > 0 be defined by the relation

C —
.76) U (—Eo) = W1 -

ting w__ = 0 and w = wc* in (6.64) we see that g(wc*) =0(c), ¢ + 0. Thu

have also g(w) = 0(c) for wc <w < wc*. For —CO < ¢ < 0 this leads to

c"
77) [eE(z+ct) - eg(C)]U (z) —[ee(z+ct) - eg(c)].

[t () + gC(z))]
O(c).

T =2 + &E(t) outside (—CO,O), the inequalities

eE(z+€(t)) - ee(z+ct) > 0, z < —E(t)
78)

e (z+E(t)) - e_(z+ct) <0, z > -E(t)
rether with (6.65) imply
79) [ee(z+ct) - ee(c)] UC"(;) >0, e Ii\(-CO,b].

ng (6.74), (6.77) and (6.79), (6.75) reduces for Uc € [1—60,1],
[O,qO], T # 0 to

80) Ny < US (2) E(t) - q() = DeI(r) - 8[1-v°(2)] - uq

some D > O where

*

C
1 ; w < U (C) <w
81) I(g) = { ¢ ¢

0 ; elsewhere.

shall find a function £(t) for which é(t) 2 0. Then we finally obtain
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(6.80) for t # O

2) Ny <-q- uqg 1-6,<U

IA
-
~

ided 60 is small enough.
se g(t) = q, exp [-ut(2) which results in
_ X Ut]

< - £t -
3) Nv < 5 9 ©XP L 51 1 60 SU < 1.

ossibly further reducing the size of u and 60 it follows analogously

ut
4) Ny < - o q expl - TTJ’ a <U <o+ 60,

some q, > 0.

c
consider the intermediate wvalues a + 60 U <£1-986 Here we know

0"
v

u© () £ - B for some B > 0, only depending on 60. Moreover, we

from the boundedness of fu that f(Uc) - f(UC—q) < kq for some k > O.

for z # -E(t)

5) Ny < -BE(t) - q(t) + DeI(z) - §(1-U°(2)) + kq

< - BE(t) - q(t) + kg

z/8 small enough.
Setting

u
g.(u+2x) -t
5) E(t) = - > (e % -1) + ¥

2uB
some z¥ € R we find E€(t) to be increasing and to approach a finite
E as £t + ®, Together with (6.85) this gives
t

7) Ny < - %—B(u+2K)e_ .

[ =

ve have shown that for every T > 0, x # ct - £(t), v > a, v(x-ct,t) is




ver solution of equation (1.1) for O < t < T. In the p

have Yz(—i(t)+,t) > Yz(—g(t)-,t). We conclude that

.88) Y(x—ct,t) < u(x,t;x), t = 0, Xx € R.
arefore
u(x,t;x) 2 U (x-ct+E(t)) - q(t) '
2

1\

U° (x-ct+E (w)) - max{q,,q,}e

call x e R, t 2 0 and this completes the proof.

>of of Theorem 6.4. The first part of this proof is a

cresponding part of the proof of Theorem 5 in [4].

Write

,90) u(x,t:x) = q_(x) + v(x,t).

:n v satisfies the equation

,91) v, = eg(x)vxx + £'(q_(x))v + h(x,v)
xre
192) hix,v) = £(q_(x)+v) - f(q_(x)) - £ (q_(x))v.
note that
2
93) In(e,w)I_ < mivl
re
94) M=% sup {fuu(u)lu e [0,1]} = 5(1+a).

1sider first the linear eigenvalue problem in L2(IU
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) Av = vXx + Q(xX)v = Av
- £'(a-(x))
RO = ——m

[15, ch. V] and [16. Ch. XVI] we deduce that the spectrum of A consists
continuum in the interval (-«,p*] and a (possibly empty) discrete

f eigenvalues, in the interval (u*,7) where, by definition

£'(0)

, £1 (D)}

=
Il

* = max {Q(+»), Q(-»)} = max {

~

sup {Q(x)| x € R}.

=
I

In [15], [16] most results are stated under the assumption that Q is
nuous; however, the relevant proofs remain valid if Q is piecewise

nuous) .

We shall show that the entire spectrum is on the negative half-line and
led away from zero. Since p* < 0 we still have to prove this statement
che discrete spectrum in (U*,a).

Let XO be the largest eigenvalue and let Vo € L2(IU be the correspond-

rvigenfunction. Since A is self-adjoint, the spectrum o(A) is bounded

above and the operator L, defined by L¢ = ¢, - A satisfies a strong

t
wm principle it follows from Theorem XIII.44 in [13] that vo(x)

not vanish anywhere. We shall take vO > 0.

we have

, " f'(g-(x)) _ _
) vyt [_EETET___ AOJVO = 0.

unction g_(x) satisfies the equation

i these relations we find that




0= f[vg(x)q_'(x) + g (x) vy (x) Jax
R
5.99) = - J ql(x)vo(x)fflig%é§ll- - AO]dx —[vé(x) £1g=%§%l-dx
2 e, J e,

I

' 1
Ao J q_(X)vO(x)dx -(1 - Eovo(x)f(a_).
R

.nce vo(x) >0, g'(x) <0, f(a.) <0 and € € (0,1) it follows that AO < 0.
| immediate corollary is the linearized stability of q_(x). By means of

le comparison principle Th. 4.3, using appropriate comparison functions

i@ can extend this to the exponential stability, expressed by (6.10).
wever since this part of the proof is similar to the corresponding part

" the proof of Theorem 5 in [4] we shall omit it here.
NUMERICAL RESULTS

We calculated, numerically, the solution u(x,t) of (1.1) for

1) £lw) = u(l-w) (u-3) -
8/10 sin [_l§_ (x+20)] ; =20 < x < 19947 -20
.2) K (x) = 100 18
0 ; elsewhere

r several values of € using an algorithm of VERWER [18]. Note that for
is example €* = 5/32. For e = 0.1, 0.2, 0.3 the results are shown in
gures 7.1, 7.2 and 7.3, respectively. We plotted u(x,t) for t varying

m 0 to 70 with steps 10. From the figures we see that for € = 0. 2 and

= 0.3, the solution propagates from left to right while for € = 0.1, the
lution is clearly blocked.

:e that for € = 0.2 the solution can be seen to slow down a little around
» point x = 0. This effect has also been observed in [6] for a more

tlistic model in the sense of nerve conduction.
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fig. 7.1. Solution u(x,t) of (1.1) for € = 0.1
and t = 0(10) 70
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fig. 7.2. Solution u(x,t) of (1.1) for € = 0.2
and t = 0(10) 70
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fig. 7.3. Solution u(x,t) of (1.1) for € = 0.3
and t = 0(10) 70
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